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THE BROWN-ERDO˝S-SO´S CONJECTURE IN FINITE ABELIAN
GROUPS
JO´ZSEF SOLYMOSI AND CHING WONG
Abstract. The Brown-Erdo˝s-So´s conjecture, one of the central conjectures
in extremal combinatorics, states that for any integer m ≥ 6, if a 3-uniform
hypergraph on n vertices contains no m vertices spanning at least m−3 edges,
then the number of edges is o(n2). We prove the conjecture for triple systems
coming from finite abelian groups.
1. Introduction
In extremal graph theory, a fundamental problem is to determine the maximum
number of edges in a graph on n vertices such that the graph does not contain
certain subgraphs. In 1973, Brown, Erdo˝s and So´s [2] studied the problem in 3-
uniform hypergraphs on n vertices, forbidding all sub-hypergraphs with m vertices
and k hyperedges. The maximum number of hyperedges in such hypergraphs is
denoted by f(n,m, k). They determined the asymptotic behaviour of f(n,m, k) for
most k when m ≤ 6. Moreover, the bound f(n,m,m−2) = Θ(n2) is established for
any fixed m ≥ 4 using randomness. They conjectured that f(n,m,m− 3) = o(n2)
for any fixed m ≥ 6, which is now known as the Brown-Erdo˝s-So´s conjecture.
Ruzsa and Szemere´di [6] later resolved the (6, 3)-problem by proving that f(n, 6, 3) =
o(n2). Whether it is true that f(n, 7, 4) = o(n2) is still an open problem. The first
author provided a partial answer to the (7, 4)-problem in [7]. It was observed that
the Brown-Erdo˝s-So´s conjecture is equivalent to the following:
Conjecture 1 (Brown-Erdo˝s-So´s). Fix m ≥ 6. For every c > 0, there exists a
threshold N = N(c) such that if A is a quasigroup with |A| = n ≥ N , then for
every set S of triples of the form (a, b, ab) ∈ A3 with |S| ≥ cn2, there exists a subset
of m elements of A which spans at least m− 3 triples of S.
When m = 7, the first open case, Solymosi proved the validity of the above
conjecture for finite groups A. In fact, the following quantitative version is proved,
for finite abelian groups A. An (m, k)-configuration is a set of k triples (a, b, ab) ∈
A3 on m elements of A.
Theorem 2 (Solymosi [7]). For every c > 0, there exists a constant µ1 = µ1(c) > 0
such that if A is a finite abelian group with |A| = n, then for every set S of
triples of the form (a, b, ab) ∈ A3 with |S| ≥ cn2, S contains at least bµ1n3c (7, 4)-
configurations.
In this article we extend the above theorem in a much stronger form. We prove
that every dense subset of triples (a, b, ab) there are vertices spanning many edges.
Asymptotically, there are m vertices spanning at least 4/3m edges, which is much
stronger than the conjectured amount. In order to prove this one should strongly
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use the group structure, since similar result is not true for general triple systems. In
a recent breakthrough result Glock, Ku¨hn, Lo, and Osthus [3], and independently
Bohman and Warnke [1], proved a related conjecture of Erdo˝s asymptotically. They
proved that there are almost complete Steiner triple systems without containing m
points with m − 2 triples. (Triple systems with this sparseness property are also
referred to as having high girth.) Both works use randomness, an advanced exten-
sion of the triangle removal process. In the next theorem we show that structure
enforces high local density.
Theorem 3. For every c > 0 and integer t ≥ 2, there exists a constant µt =
µt(c) > 0 such that if A is a finite abelian group with |A| = n, then for every
subset S0 of triples of the form (a, b, ab) ∈ A3 with |S0| ≥ cn2, S0 contains bµtn3c(
ν, 4(ν−3t)3 (1− 14t )
)
-configurations, where, for each of the configurations, 2t+1 ≤
ν ≤ 4t + 3t.
Observe that Theorem 3 reduces to Theorem 2 when t = 1. On the other hand,
for large t we obtain asymptotically
(
ν, 4ν3
)
-configurations. In particular, by the
monotonicity f(n,m, k) ≤ f(n,m, k+1), Conjecture 1 holds true for infinitely many
values of m for finite abelian groups A.
One can also show that the statement above (without the quantitative part)
holds for non-abelian groups as well.
Corollary 4. For every c > 0 and integer t ≥ 2, there exists a threshold Nt = Nt(c)
such that if G is a finite group with |G| = n ≥ Nt, then for every subset S0 of triples
of the form (a, b, ab) ∈ G3 with |S0| ≥ cn2, S0 contains a
(
ν, 4(ν−3t)3 (1− 14t )
)
-
configuration, where 2t+1 ≤ ν ≤ 4t + 3t.
The above corollary follows from Theorem 3 and the following result of Pyber.
Theorem 5 (Pyber [5]). There is a universal constant ν > 0 so that every group
of order n contains an abelian subgroup of order at least eν
√
logn.
For the proof of Corollary 4 one should find a large abelian subgroup, F ≤ G,
and follow the steps of the proof below using cosets aF, Fb and aFb, where the
selected triples form a dense subset. The technique is similar to the one applied in
[7], but it would make the proof below much harder to follow. We decided to omit
the proof.
One of our main tools is the following standard consequence of the regularity
lemma of Szemere´di [8], in which certain edges — those incident to V0, between
irregular pairs, or between regular pairs having density at most 2ε — are removed.
We are going to iterate the regularity lemma using it in a way similar to standard
applications, like in [4].
Theorem 6 (Szemere´di [8]). For each ε > 0, there exist integers K = K(ε) and
n0 = n0(ε) such that for every bipartite graph G with n ≥ n0 vertices in each
bipartition (A1, A2) and at least 24εn
2 edges, there is a partition of the vertex set
V (G) = A1∪A2 = V0∪V1∪· · ·∪V2k and a subgraph G′ of G satisfying the following
conditions:
(i) 1ε ≤ 2k ≤ K
(ii) Vi ⊂ A1 and Vk+i ⊂ A2 for all 1 ≤ i ≤ k
2
(iii) |V0| ≤ 2εn and
n
k
(1− ε) ≤ |V1| = · · · = |V2k| ≤ n
k
(iv) |E(G′)| ≥ |E(G)|/2
(v) the graph G′ has no edges incident to V0
(vi) if there is an edge between Vi and Vk+j in G
′, for some 1 ≤ i, j ≤ k, then
for subsets U ⊂ Vi and W ⊂ Vk+j with |U | ≥ ε|Vi| and |W | ≥ ε|Vk+j |, the
number of edges between U and W in G′ is at least ε|U ||W |.
2. Some definitions
In this section, A is a finite abelian group and S is a set of triples of the form
(a, b, ab) ∈ A3.
We define a bipartite graph GS with 2n vertices and |S| edges that captures the
triples of S: the vertex set of GS is A1 ∪A2, where A1 and A2 are copies of A, and
(a, b) ∈ A1 ×A2 is an edge if and only if (a, b, ab) ∈ S.
We say that a quadruple (a, b, c, d) ∈ A4 is S-good if a 6= c, ab = cd, and
(a, b, ab), (a, d, ad), (c, b, cb), (c, d, cd) ∈ S.
Note that every S-good quadruple in A4 gives us a (7, 4)-configuration in S. In
[7], a slightly stronger result than theorem 2 was proved:
Theorem 7 (Solymosi [7]). For every c > 0, there exists a constant µ1 = µ1(c) > 0
such that if A is a finite abelian group with |A| = n, then for every set S of triples of
the form (a, b, ab) ∈ A3 with |S| ≥ cn2, there are at least bµ1n3c S-good quadruples
in A4.
For ~x = (x1, x2, x3) ∈ A3, denote by QS(~x) the set of S-good quadruples
(a, b, c, d) such that x1 = cb, x2 = ab and x3 = ad, and let qS(~x) = |QS(~x)|.
Note that qS(~x) = 0 if x1 = x2. We use group properties to obtain bounds for
qS(~x) and the number of triples with qS(~x) ≥ 1.
Fact 8. Let (a, b, c, d) and (a′, b′, c′, d′) be quadruples in QS(~x) for some ~x ∈ A3.
If a′ = a, then (a′, b′, c′, d′) = (a, b, c, d).
In particular, qS(~x) ≤ n for all ~x ∈ A3.
Proof. Suppose that a′ = a. By ab = a′b′ and ad = a′d′, we have b = b′ and d = d′.
By cb = c′b′, we have c = c′. 
Fact 9. Let (a, b, c, d) and (a′, b′, c′, d′) be S-good quadruples with ab = a′b′. Then,
cb = c′b′ if and only if ad = a′d′.
In particular, the number of triples ~x of A with qS(~x) ≥ 1 is at most n(n− 1) <
n2.
Proof. Note that cd = ab = a′b′ = c′d′.
If cb = c′b′, then
ad = ab(cb)−1cd = a′b′(c′b′)−1c′d′ = a′d′.
Similarly, we have ad = a′d′ implies cb = c′b′. 
Let (a, b, c, d) and (a′, b′, c′, d′) be distinct quadruples of A. We say that they
are disjoint if {a, c} ∩ {a′, c′} = {b, d} ∩ {b′, d′} = ∅. In this case, the triples
(a, b, ab), (a, d, ad), (c, b, cb), (c, d, cd), (a′, b′, a′b′), (a′, d′, a′d′), (c′, b′, c′b′), (c′, d′, c′d′)
3
are all distinct. In our calculations, it will be much easier to estimate the number
of triples in S if the S-good quadruples considered are pairwise disjoint.
The following fact implies that at least a third of the S-good quadruples in QS(~x)
are pairwise disjoint, given any ~x ∈ A3. Let Q˜S(~x) be a subset of QS(~x) consisting
of q˜S(~x) ≥ qS(~x)/3 pairwise disjoint S-good quadruples.
Fact 10. Let (a, b, c, d) and (a′, b′, c′, d′) be distinct but not disjoint quadruples in
QS(~x) for some ~x ∈ A3. Then, either one of the following hold:
(1) cb = ad, a′ = c, c′ = a, b′ = d and d′ = b, or
(2) cb 6= ad, a′ = c, c′ 6= a, b′ = d and d′ 6= b, or
(3) cb 6= ad, a′ 6= c, c′ = a, b′ 6= d and d′ = b.
In particular, for each (a, b, c, d) ∈ QS(~x), all but almost 2 other quadruples in
QS(~x) are disjoint from (a, b, c, d).
Proof. By definition, the two quadruples are not disjoint means that ({a, c} ∩
{a′, c′}) ∪ ({b, d} ∩ {b′, d′}) 6= ∅
By fact 8, if either a = a′, b = b′, c = c′, or d = d′, then (a′, b′, c′, d′) = (a, b, c, d).
Hence, we may assume that none of these 4 equalities hold.
Note that a′ = c if and only if b′ = d, by a′b′ = ab = cd. Similarly, c′ = a if and
only if d′ = b, by c′d′ = a′b′ = ab.
It is clear that cb = ad in the first case, and that cb 6= ad in the other 2 cases. 
3. Proof of theorem 3 when t = 2
We fix a real number c > 0. Let A be a finite abelian group with order n and
let S0 be a set of triples of the form (a, b, ab) ∈ A3 with |S0| ≥ cn2.
In this section, we will find a subset S1 of S0, a triple ~y
(1) = (y
(1)
1 , y
(1)
2 , y
(1)
3 ) ∈ A3,
a constant c1 > 0 depending only on c, such that if n is large enough, there are at
least bµ1(c1)n3c S1-good quadruples in A4 and every S1-good quadruple (a, b, c, d)
belongs to some QS1(~y
(2)), where ~y(2) = (y
(2)
1 , y
(2)
2 , y
(2)
3 ) ∈ A3 is element-disjoint
from ~y(1), and for some ai, bi, ci, di ∈ A (depending on a, b, c, d), the quadruples
R1 = (a, b1, c1, d1), R2 = (a2, b, c2, d2), R3 = (c, b3, c3, d3), R4 = (a4, d, c4, d4) are all
in Q˜S′0(~y
(1)), for some S′0 ⊂ S0. See Figure 1.
Figure 1. A subgraph ofGS′0 corresponding to the 5 good quadru-
ples (a, b, c, d), R1, R2, R3, R4.
We note that these 4 quadruples Ri are distinct. Indeed, since (a, b, c, d) is an
S1-good quadruple, by definition a 6= c, and therefore b 6= d, which implies R1 6= R3
and R2 6= R4. Moreover, if any two other quadruples are the same, say R1 = R2,
4
then y
(1)
2 = ab1 = ab = y
(2)
2 , contradicting the property that ~y
(1) and ~y(2) are
element-disjoint.
Consider the elements {a, b, c, d} ∪ {ai, bi, ci, di} ∪ {y(1)j , y(2)j }. There are ν ≤
4 + 12 + 6 = 22 = 42 + 3(2) elements. They span at least
4 + 42 =
4(16)
3
15
16
≥ 4(ν − 6)
3
15
16
triples of S0, as desired when t = 2.
By assumption, the graph GS0 contains at least cn
2 edges. We obtain a vertex
partition V0 ∪V1 ∪ · · · ∪V2k and a subgraph G′S0 of GS0 using the regularity lemma
(theorem 6) with ε ≤ c24 to be determined later (in section 3). Note that we can
assume that n ≥ n0(ε) by choosing a smaller µ2(c) if necessary at the end. By
condition (iv), G′S0 contains at least
c
2n
2 edges. One may identify the graph G′S0
with the graph GS′0 , where S
′
0 is a subset of S0 with |S′0| ≥ |S0|/2 ≥ c2n2.
Lemma 11. There is a triple ~y(1) ∈ A3 such that
q˜S′0(~y
(1)) >
bµ1(c/2)nc
3
.
Proof. We apply theorem 7 with S = S′0, we have bµ1(c/2)n3c S′0-good quadruples
in A4, i.e. ∑
~x∈A3
qS′0
(~x)≥1
qS′0(~x) ≥ bµ1(c/2)n3c.
Let ~y(1) ∈ A3 be a triple having the largest qS′0 -value. By fact 9, we have
qS′0(~y
(1)) >
bµ1(c/2)n3c
n2
≥ bµ1(c/2)nc,
and by fact 10,
q˜S′0(~y
(1)) >
bµ1(c/2)nc
3
.

We consider the vertices incident to the edges (a, b) ∈ A1×A2, where (a, b, c, d) ∈
Q˜S′0(~y
(1)), in the graph GS′0 . We will show that there are at least c1n
2 edges between
these vertices in GS′0 , for some c1 > 0 depending on c. This allows us to apply
theorem 7 again to get many (7, 4)-configurations using only these vertices.
Figure 2. The thicker edges are in E and the vertices represented
by empty circles are in V.
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We note that the size of the set
E = E(S′0, ~y(1)) := {(a, b) ∈ A1 ×A2 : (a, b, c, d) ∈ Q˜S′0(~y(1))} ⊂ E(GS′0)
is q˜S′0(~y
(1)). Denote by V(S′0, ~y(1)) ⊂ V (GS′0) the set of vertices from E(S′0, ~y(1)),
i.e.
V = V(S′0, ~y(1)) := {a ∈ A1 : (a, b) ∈ E(S′0, ~y(1))} ∪ {b ∈ A2 : (a, b) ∈ E(S′0, ~y(1))}.
See Figure 2.
Lemma 12. If ε = min( bµ1(c/2)c6 ,
c
24 ), then there exist indices 1 ≤ i, j ≤ k such
that |Vi ∩V| ≥ ε|Vi|, |Vk+j ∩V| ≥ ε|Vk+j |, and there is an edge in E between Vi and
Vk+j.
Proof. For each 1 ≤ i ≤ 2k, we put
Ei =

∅, if |Vi ∩ V| ≥ ε|Vi|
{(a, b) ∈ E : a ∈ Vi ∩ V}, if |Vi ∩ V| < ε|Vi| and 1 ≤ i ≤ k
{(a, b) ∈ E : b ∈ Vi ∩ V}, if |Vi ∩ V| < ε|Vi| and k + 1 ≤ i ≤ 2k
⊂ E .
It suffices to show that E\(∪2ki=1Ei) is non-empty. Recall from condition (iii) that
|Vi| ≤ n/k. Since |Ei| < ε|Vi| ≤ εn/k and ε ≤ bµ1(c/2)c/6, we have∣∣∣∣∣E
∖ 2k⋃
i=1
Ei
∣∣∣∣∣ ≥ |E| −
2k∑
i=1
|Ei| > q˜S′0(~y(1))− 2εn >
bµ1(c/2)nc
3
− bµ1(c/2)cn
3
= 0.

By condition (vi) and (i), the number of edges between Vi ∩ V and Vk+j ∩ V in
GS′0 is at least
ε|Vi ∩ V||Vk+j ∩ V| ≥ ε3|Vi||Vk+j | ≥ ε
3(1− ε)2n2
k2
≥ 4ε
3(1− ε)2
K2
n2.
Remove from these edges the set of edges (α, β) so that αβ ∈ {y(1)1 , y(1)2 , y(1)3 },
where ~y(1) = (y
(1)
1 , y
(1)
2 , y
(1)
3 ). The number of edges removed is at most 3|Vi| ≤
3n/k ≤ 6εn, since A is a group. Therefore, the number of remaining edges is at
least
4ε3(1− ε)2
K2
n2 − 6εn ≥ ε
3(1− ε)2
K2
n2 =: c1n
2,
where c1 > 0 depends only on c, assuming n ≥ 2K2/(ε(1− ε))2.
The subgraph of GS′0 containing these edges can be written as GS1 , for some
S1 ⊂ S′0 with |S1| ≥ c1n2. Apply theorem 7 with S = S1, we get bµ1(c1)n3c
S1-good quadruples in A
4.
Let (a, b, c, d) ∈ QS1(~y(2)) be one of these S1-good quadruples. Since the graph
GS1 does not contain an edge (α, β) with αβ ∈ {y(1)1 , y(1)2 , y(1)3 }, the triples ~y(1) and
~y(2) are element-disjoint. Moreover, since a, c ∈ Vi∩V ⊂ V∩A1, there are b1, b3 ∈ A2
such that (a, b1), (c, b3) ∈ E , and so we have (a, b1, c1, d1), (c, b3, c3, d3) ∈ Q˜S′0(~y(1)).
Similarly, since b, d ∈ Vk+j ∩ V, we have (a2, b, c2, d2), (a4, d, c4, d4) ∈ Q˜S′0(~y(1)).
The claim we made in the beginning of this section is now established.
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Recall that we imposed 2 assumptions on n, namely n ≥ n0(ε) and n ≥ 2K2/(ε(1−
ε))2. Hence, we put
µ2(c) = min
(
µ1(c1),
(
1
n0(ε)
)3
,
(
ε2(1− ε)2
2K2
)3)
.
4. Proof of theorem 3 when t ≥ 3
To prove theorem 3 for larger t, we repeat what we did in the last section t− 2
times. We highlight the key points when t = 3, assuming n is large enough.
After we get S1, instead of applying theorem 7 immediately, we first apply the
regularity lemma to GS1 with ε = min(
bµ1(c1/2)c
6 ,
c1
24 ) to get S
′
1 ⊂ S1 with |S′1| ≥
c1
2 n
2. By lemma 11, we get a triple ~y(2) ∈ A3 such that
q˜S′1(~y
(2)) >
bµ1(c1/2)nc
3
.
Define the sets E(S′1, ~y(2)) and V(S′1, ~y(2)) accordingly. In the same spirit, lemma 12
allows us to find a subset S2 ⊂ S′1 with |S2| ≥ c2n2, where c2 > 0 depends on c.
Note that the graph GS2 does not contain an edge (α, β) with αβ ∈ {y(2)1 , y(2)2 , y(2)3 }.
Lastly, we apply theorem 7 and get bµ1(c2)n3c S2-good quadruples in A4.
In general, we get subsets St−1 ⊂ S′t−2 ⊂ St−2 ⊂ S′t−3 ⊂ · · · ⊂ S′0 ⊂ S0, with
|S′i| ≥ ci2 n2 and |Si| ≥ cin2, where ci > 0 depends on c.
It remains to show that each St−1-good quadruple (a, b, c, d) ∈ A4 gives us a set
of ν elements, with 2t+1 ≤ ν ≤ 4t + 3t, which spans at least
4(ν − 3t)
3
(
1− 1
4t
)
triples of S0.
For 1 ≤ i ≤ t, let Li be the set of good quadruples in the i-th layer. More
precisely, we define
L1 := {(a, b, c, d)} ⊂ QSt−1(~y(t)),
and if we have Li = {(aj , bj , cj , dj) : 1 ≤ j ≤ |Li|} ⊂ QS′t−i(~y(t−i+1)), one can
define Li+1 ⊂ QS′t−i−1(~y(t−i)) as follows. Since aj , cj ∈ V(S′t−i−1, ~y(t−i)) ∩ A1,
we have (aj , βj,1, γj,1, δj,1), (cj , βj,3, γj,3, δj,3) ∈ QS′t−i−1(~y(t−i)). Similarly, since
bj , dj ∈ V(S′t−i−1, ~y(t−i)) ∩ A2, we have (αj,2, bj , γj,2, δj,2), (αj,4, dj , γj,4, δj,4) ∈
QS′t−i−1(~y
(t−i)). Put
Li+1 = {(aj , βj,1,γj,1, δj,1), (cj , βj,3, γj,3, δj,3), (αj,2, bj , γj,2, δj,2),
(αj,4, dj , γj,4, δj,4) : 1 ≤ j ≤ |Li|} ⊂ QS′t−i−1(~y(t−i))
For 2 ≤ i ≤ t, the set Li ⊂ Q˜S′t−i(~y(t−i+1)) consists of |Li| ≤ 4|Li−1| S′t−i-good
quadruples. Note also that the set of elements of A appear in Lt contains all the
elements appear in other layers.
Lemma 13. For 2 ≤ i ≤ t, the number of distinct elements of A appear in Li is
at least 2i+1 and at most 4i.
Proof. Since we have
|Li| ≤ 4|Li−1| ≤ · · · ≤ 4i−1|L1| = 4i−1,
7
and since each quadruple contains at most 4 elements of A, the upper bound follows.
Since the quadruples in Li are pairwise disjoint, the elements
{a : (a, b, c, d) ∈ Li} ∪ {c : (a, b, c, d) ∈ Li}
are all distinct. Hence, the number of distinct elements of A appear in Li is at least
2|Li|. Recall that we showed in section 3 that |L2| = 4. To prove the lower bound,
it suffices to show that |Li+1| ≥ 2|Li|, for all i ≥ 2.
To this end, we recall from above that the set
{(aj , βj,1, γj,1, δj,1) : 1 ≤ j ≤ |Li|} ∪ {(cj , βj,3, γj,3, δj,3) : 1 ≤ j ≤ |Li|}
is a subset of Li+1. As we noted that the elements {aj , cj : 1 ≤ j ≤ |Li|} are
all distinct, no two quadruples above can be the same. This proves the lower
bound. 
Now, we consider the elements of A appear in Lt and all the triples ~y(j), where
1 ≤ j ≤ t. The total number ν of elements satisfies 2t+1 ≤ ν ≤ 4|Lt|+ 3t ≤ 4t + 3t.
The number of triples of S0 spanned by these ν elements is at least
4(|L1|+ · · ·+ |Lt−1|+ |Lt|) ≥ 4|Lt|
(
1
4t−1
+ · · ·+ 1
4
+ 1
)
=
4|Lt|
3
4t − 1
4t−1
≥ 4(ν − 3t)
3
(
1− 1
4t
)
,
as desired.
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